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Abstract. We study the Stokes and Poisson problem in the context of variable 
exponent spaces. We prove existence of strong and weak solutions for bounded 
domains with C^'^ boundary with inhomogenous boundary values. The result 
is based on generalizations of the classical theories of Caldcron-Zygmund and 
Agmon-Douglis-Nironberg to variable exponent spaces. 



1. Introduction 

In the last decades, the generahzed Lebesgue spaces L^''^ and the corresponding 
generahzed Sobolev spaces I^^'^'P^ ) have attracted more and more attention. Before 
1990 pioneering work has been done by OrUcz, Nakano, Hudzik, Musielak, and 
other authors. One of the first who studied problems with variable exponents in 
the context of variational integrals was Zhikov in his pioneering paper [Zhi86] and 
subsequent works including [Zhi95], [Zhi04], [Zhi08]. In the last twenty years, many 
new works have been devoted to the study of variable exponent spaces. We refer 
to Kovacik, Rakosnik [KR91], Samko [Sam98], [Sam99], Fan, Zhao [FZOl], Cruz- 
Uribe, Fiorenza, Marteh, Perez [CUFMP06], Diening [Die04a], [Die04b], Diening, 
Ruzicka [DR03a], Diening, Harjulehto, Hasto, Ruzicka [DHHRIO] for properties of 
these spaces such as reflcxivity, denseness of smooth functions, and Sobolev type 
embeddings, and for the treatment of operators of harmonic analysis in the variable 
exponent context. The study of these spaces has been stimulated by problems 
in elasticity, fluid dynamics, calculus of variations, and differential equations with 
p(a;)-growth conditions. For example, in Ruzicka, Rajagopal [RR96] one can find 
a model of electrorheological fiuids, where the essential part of the energy is given 
by / \Df{x)\P^^'^dx, where Df{x) is the symmetric part of the gradient V/. The 
same type of energy also appears in a model proposed by Zhikov [ZhiOS] for the 
thermistor problem. This energy also appears in the investigations of variational 
integrals with non-standard growth, see e.g. Zhikov [Zhi86], Marcellini [Mar91], 
Acerbi, Mingione [AMOl]. 

Regularity results for the Stokes system and the Poisson equation belong to the 
most classical problems treated in the theory of partial differential equations and 
fluid dynamics and often occur as auxiliary problems in the treatment of nonlinear 
equations. In this paper we generalize some of these results to the variable exponent 
context. Besides being of interest in their own as generalizations of classical results 
to interesting new function spaces, these results are of great importance in the 
analysis of the nonlinear equations occurring in the study of the fluid mechanical 
problems mentioned above. Of course, the whole treatment applies to a much larger 
class of elliptic problems. 

We develop the analysis of the Stokes system in depth, while the results on the 
Poisson equation will be stated without proofs. For a sketch of the proofs wc refer 
the reader to [DHHRIO], for full details on both problems see [LenOB]. In fact, the 
treatment of the Poisson equation is much simpler than that of the Stokes system 
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and general elliptic problems. This is due to a symmetry of the fundamental solution 
of the Laplacian in the half-space by which the regularity near the boundary may 
be established without the use of the Agmon-Douglis-Nirenberg theory. For the 
Stokes system and general elliptic problems this symmetry is not granted and the 
full theory is needed. 

The paper is organized as follows. We begin with a brief summary of elementary 
properties of generalized Lebesgue and Sobolev spaces which we will need in the 
sequel, and we introduce the concept of homogeneous Sobolev spaces in the variable 
exponent context, cf. [DHHRIO]. Then we state the generalizations of the classical 
Calderon-Zygmund and Agmon-Douglis-Nirenberg theorems for symmetric kernels 
to generalized Lebesgue spaces. These generalizations have been treated for the first 
time in Ruzicka, Diening [DR03b], [DR03c] in a somewhat weaker form. Unfortu- 
nately, the requirements on the kernel in [DR03b] , [DROBc] seem too restrictive for 
an application to the Stokes problem. With the help of the results of Cruz-Uribe 
et al [CUFMP06] on singular integrals with rough kernels the requirements can be 
relaxed sufficiently, cf. [DHHRIO]. In the subsequent section we prove the existence 
and uniqueness of a strong solution in VF^'P^') x W^'^^'^^ of the Stokes problem in 
bounded domains with C^'^-boundary, provided that the right-hand sides are in 
ip( ) X VF^'P*-'^ and the boundary values are in 

tr(W^2.p(-)). Furthermore, we show 
an analoguous result for weak solutions in T4^^'P( ) x L^^'^ for the right-hand sides in 
) X LP( ) and boundary values in tr(VF^'P'^ -'). The main idea of the proof is a 
localization technique to reduce the interior and the boundary regularity to regular- 
ity results on the whole-space and the half-space, respectively. In the final section 
we state the analoguous results for the Poisson problem, omitting the proofs. 

2. Variable exponent spaces 

Let us introduce the variable exponent spaces LP^'^{fl) and VF'^'P('^(f2). Most 
of the following fundamental properties of these spaces can be found in [KR91], 
[FZOl]. We also refer to the extensive book [DHHRIO] on variable exponent spaces. 
Let fl C be a domain. A measurable function p : Q ^ [1, oo) is called exponent. 
If p"*" := supp < cxD, then p is called bounded exponent. For a bounded exponent 
p we define LP^''>{n) to consist of measurable functions / : $7 — > M such that the 
modular 

ppif) ■■= I dx 

n 

is finite. The expression 

:= inf{A > : Pp(//A) < 1} 

defines a norm on This makes LP'-'^n) a Banach space. Moreover, one 

can show that C^(ri) is dense in LP^'\fl) and that L^^'^il,) is separable. Further, 
let W'^'P^-Hn) denote the space of measurable functions / : ^ R such that / and 
the distributional derivatives /, V/, . . . , V*^/ are in LP( ). The norm r U, '■= 
ELo l|V''/llp( ) makes W'^'P^-^n) a Banach space. By wl^'^'-'\fl) we denote the 
closure of Cg^iQ) in W'^'P^'^Q). The space ) (17) is defined as the dual of 

the space M^q *■ H^)- usual we set l/p + 1/p' = 1. If p~ := inf p > 1, then 
W'''P^'\fl) is reflexive. For bounded domains fl C M" with Lipschitz-continuous 
boundary, we define the trace space 

tr(H^'=-p(-)(0)) := {/ G L\dn) \ 3u e W''^P^-\n) : u\an = /}• 

Then 

ll/lltr(w'=.p( )(n)) ■= llwllH^-'-fCorn) 
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defines a norm on tr(W^'"''P^'^ which makes the trace space a Banach space. 

We have to impose some (weak) conditions on the exponent to recover important 
results from the classical Lebesgue and Sobolev spaces. The crucial condition is the 
so-called log-Holder continuity of the exponent p, i.e., 

C 

\pix) ~piy)\ < . - 

m(e + \x — y\ '-) 

for all x,y € ft. If fi is unbounded, then this local continuity is supplemented by 
the condition that there exists the limit p(oo) :~ limj;^oo ^(2^) and 

l^^^)-P(°°)"-ln(e+N)- 

Let us denote by 'P^°^{fl) the set of exponents satisfying the above conditions. If 
the exponent is in V^°s{n) then C°°{n) is dense in W^'P'^'^ifl) for domains ft with 
Lipschitz-continuous boundary. Let us now state some further results which will 
be needed later. The omitted proofs can be found for example in [KR91], [Die07], 
[DHHRIO]. 

Theorem 1. Let p be a bounded exponent in f2. Then the mapping I : ^ \^) ~> 
(LP^'^Q))* with {If,g) ■— {f,g) is an isomorphism, and for all f £ we 
have 

2 ll/llip'< )(n) - ll-^/ll(LJ'(-)(n))* < 2||/||^p'(.)(j2^. 

Theorem 2. Let p,q and s be bounded exponents in fl with i = ^ + ^- For all 
f e and g G Li'-'^fl) we have fg 6 i^( )(rj) and 

II/5|Ils( )(o) < 2||/||^p(.)(f^)||g||i,(.)(o)- 



Theorem 3. Let D, C K" be a bounded domain and p a bounded exponent in D,. 
Then: 

(1) For every exponent q with q <p a.e., the embedding 
is continuous. 

(2) If moreover dfl is Lipschitz-continuous and p G V^°^{fl) with 1 < p~ < 
p^ < 00, then the embedding 

is compact. 

The following extension resuh can be found in [CUFMP06], [DF08], [DHHRIO]. 

Theorem 4. Let C M" be a bounded domain with Lipschitz-continuous boundary 
and p G 'P^°^{il) with 1 < p~ < p'^ < 00. Then there exists an exponent p G 
•piog^jj") with p\i2 =p and p'^ ^ P'^ i ^ o,s well as an extension operator 

£ : W^'P^-\Vl) W^'P^-\W), {£f)\n = f. 



When working with partial differential equations in unbounded domains, as we 
will have to later on, it is often not natural to assume that the solution and its 
derivatives belong to the same Lebesgue space. For this reason we now introduce 
the homogeneous Sobolev spaces. Let us present in the following the basic facts on 
those spaces. For details and proofs we refer to [Len08], [DHHRIO]. 
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For a bounded exponent p in fl, and fc G N we define 

D^'P<--Hn) {u e Ll^in) : V'^u G LP^-\n)} . 

The linear space D^'P^''){Q) is equipped with the scminorm 

•= !l^''"llLP(-)(f2) ■ 

Note, that ||w||j5fc,p(.)jf^j = implies that w is a polynomial of degree fc — 1. Let us 
denote the polynomials af degree m G No by Pm- It is evident that the seminorm 
II ■ ||f)fc.p(.)(Q) becomes a norm on the equivalence classes [u] defined for u G D'''P^'^fl) 

by 

[u]k-i ■■= {w G D'^-p'-''^ (n) : w = u+pk^i for some pk-i G Pr-i} • 

Definition 5. Let p he a hounded exponent in il, and k G N. The homogeneous 
Sobolev space D'^'P^''^ (Q) consists of all equivalence classes [u] where u G D'^'P^'^^I). 
We identify u with its equivalence class [u] and thus write u instead of [u] . The space 
£)'^'P( )(r2) is equipped with the norm 

\W\\D''M-)(n) '■= II V'u||ip(.)(o) ■ 

Finally, we define the space D^'P^ the completion of C'^{Q) with respect to 

the norm \\ ■ \\D''M-)(n}- 

Remark 6. The natural embedding i: C^{n) D'^-p'--'^ (fl) : u iH- [u] implies that 
C^{n) is isomorphic to a linear suhspace of D^^'P^'^Vi). Consequently we can view 
dI'^^'\Vl) as a suhspace of D^^P^-\n). 

Theorem 7. The spaces D^'P^'\Q.) and Z3g'^'' (17) are separable Banach spaces 
which are reflexive if 1 < p~ ^ p~^ < oo. 

For an intcgrable function u we define the mean value of u by := j^^udx. 

The spaces D'''P'-'^{n) and W'^'P('^(il) essentially do not differ for bounded domains. 
More precisely we have: 

Theorem 8. Let Q he a hounded domain with Lipschitz continuous boundary, and 
let p G 'P^°^{fl) satisfy 1 < p^ ^ p'^ < oo. Then we have the algebraic identity 

D''^p'^-\n) = w''-p^-'> {ft) . 

Moreover for u G D^'P^'^fl) we have the Poincare inequality 
(2.1) l|w-'«o||ip(.)(n) < c diam(f7) \\Vu\\^^^.^^^ 

with a constant c depending on n, the Lipschitz constant, and the \og-Holder con- 
stants of p. 

Remark 9. As a consequence of the above theorem we get the algebraic identity 

5^'f(-)(r!) = M^itf-^(r!) 

for arbitray domains provided that p G satisfies 1 < p^ ^ p'^ < oo. 

As for classical Sobolev spaces we have that D'^'P^') (M") and ZJ^'^^'^ (R") coincide. 

Lemma 10. Let p G 7''°s(M") satisfy I < p~ p+ < oo and let k G No- Then 
C(f (M") is dense in D^^p(-\W). Consequently we have D^^p^-\W) = dI'P^'\w). 

In applications it happens that for a function u G L\^^{VL) one can show that 
Vu G LP'''\Vl) and V^u G LP'^'^Vt). This information is neither covered by the space 
£)^'P( )(ri) nor by the space £'^'P(')(ri). Thus we introduce a new space containing 
the full information. 
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Definition 11. Let p be a hounded exponent in fi. The space 

£,(i,2),p(-)(^) consists 

of all equivalence classes [u]q with u G Z)^'^^'-' (51) n ZJ^'^"''' (51). We identify u with 
its equivalence class [u]o and thus write u instead of [u\q. We equip the space 
£)(i,2),p(-)(j]) with the norm 

l|w||£)(i,2),p(.)(n) l|Vfi||ip(.)(ji) + ||V^u||ip(.)(n) . 

Finally, we define the space Dq^'^-*'^^ ■'(Jl) as the completion of C(^(Jl) with respect 
to the norm \\ ■ ||£i(i,2),p(-) (o) • 

Note that the space ^ subspace of D^^p^-^II) but not oi D^ P'- ^fl), 

because it consists of equivalence classes modulo constants. As in Remark 6 one 
sees that Di''^^'''^-\n) can be viewed as a subspace of L'(i'2),p( )(fj). 

Tiieorem 12. The spaces 

£,(i,2),p(-)(f^)^ and D^^'^^-P'-'\n) are separable Banach 
spaces which are reflexive if 1 < p^ ^ p+ < oo. 

Lemma 13. Let p G 7''°s(R") satisfy 1 < p- p+ < oo. Then C^(R") is dense 
in i:>(i'2)'P(-)(R"). Consequently we have D'^^'^^^p'^-^W") = dI^^'^^-^^'\R"'). 

We will also need the dual spaces of homogeneous Sobolev spaces. 

Definition 14. Let p be a bounded exponent in D,, and let fc G Nq. The space 
is defined as the dual of the space D^'^'^'\fl), i.e. D-'^'P'^'^fl) 

We let LQ^'\n) C LP^''^{n) be the subspace of functions having vanishing mean 
value. Analogously we define the subspace C^Q{rt) C C^{il). 

Lemma 15. Let p G V^°^{ft) satisfy 1 < p~ ^ p^ < oo, and A C be a bounded 
domain with Lipschitz continuous boundary. Then Lq^ \A) ^ D^^'P^'\n) via 
{f,u) = ^ fudx for f G and u G C^i^). 

Proof. Using Theorem 8 we get 

/ f{x){u{x) - ua) dx <2\\f\\^^^.^^^^^^\\u - ua\\lp'(-)(a) 
(2.2) i 

< c||/||ip(.)(R„)||Vu||^p,(.)(o)- 

□ 

If the domain Q, has a sufficiently large and nice boundary it is not necessary 
to require as in the previous lemma that the function / has a vanishing mean 
value. For simplicity we formulate the result only for the case of the half-space 
{x G R"|a;„ > 0}. We define W'^ accordingly and set E := dWt^. 

Lemma 16. Let p G P'°s(R'^) satisfy I < p~ ^ p+ < oo and A C M> be a bounded 
domain. Then LP^-\A) ^ D'^'P^-^Wi,). 

Proof. We choose a ball B{xq) C M" with A C B{xo) and .tq G S. Next we choose 
a ball B' C n B{xo) with \B'\ w \A\ and note that ub' = for u G C^{Wt.). 
Now we use a version of the Poincare inequality (cf. [DHHRIO, Lemma 7.2.3 and 
Theorem 7.2.4 (b)]) to obtain for all u G C^{W^) 

(/,")= j /Ww(2;) rfa; < 2||/||^p(.)(B(^^))||'a-UB'|lLP'()(B(:ro)) 
(2-3) B(xo) 

< c||/IIlp( )(a)IIV"IIlp'(-)(R5)- 

□ 
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Lemma 17. Let p e satisfy l< p^ < oo. Then C^o(O) is dense in 

LP^-^n) and m D-^'P^-\n). 

We will also have to deal with trace spaces of homogenous Sobolev spaces, at 
least in the case of the half-space R" . Traces are well defined for functions from 
^lo'c ^^'^ thns the notion of a trace of a function from D^'P^'^ (RV^) is well defined. 
Consequently, the trace space tr(L)^'^'(')(M" )) consists of the (equivalence classes of) 
traces of all (equivalence classes) / G £'^'P(')(IR" ). The norm 

II/I!mdi,.( )(M5)) := inf : 9 S D''P^-\RI) and try - /} 

makes tr{D^'P'--^E.'l)) a Banach space. 

Another important issue is the extension of the theory of singular integrals to 
variable exponent spaces. We refer to [CUFMP06], [DHHRIO] for proof of the 
following two theorems. Firstly, we will need the generalization of the classical 
Calderon-Zygmund theorem. We will restrict ourselves to symmetric kernels, i.e., 
to kernels, depending only on the difference of their arguments. A (symmetric) 
kernel K in ft, ft C M", is a locally integrable, real-valued funktion in O \ {0}. 

Theorem 18. Let K be a kernel in R" of the form 

(") -(^)^^. 

where P € L^{dBi{Q)) for some r G (l,oo], and satisfying 

(2.5) j P duj = 0. 

a-Bi(o) 

Moreover let p G 7''°^(M") be bounded with p~ > r'. Then the operator T , defined 
by 

(T/)(x):=lim / K{x-y)f{y)dy 

e\.0 J 

is bounded on LP^-\W^). 

Furthermore we will need the analogue of the famous Agmon-Douglis-Nirenberg 
result for spaces with variable exponents. To this end, let us fix some nota- 
tion. For X ~ (xi,...,a;„) G R" we set x' := (xi, . . . , Xn-i) G R"""'^ and x := 
(xi,...,a;„_i,-a;„). Moreover we set S := dBi, S'"-^ := dB['-^ C R"-\ S'> := 
SnW^, and 5> := S* n R^ where R^ := {x G R"|a;„ > 0}. 

Theorem 19. Let K be a kernel on R" of the form 
where P : S'> — > R is continuous and satisfies 



P{x',0) duj' = 0. 



Assume that K possesses continuous derivatives diK , i — 1, . . . ,n, and d'^K in R" 
which are bounded on the hemisphere Sy. Let p G 7^'°8(R") satisfy 1 < p^ < p^ < 
oo. For f G C(f (R'^) we define Hf -.W^ ^Rby 

(2.6) {Hf){x) := / K{x' -y',xn)f{y\0) dy' . 
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Then H satisfies 

(2.7) l|Vi//IL.(.)(M5) <c||V/||^,<.,(R„), 

for all f E C^(R") with a constant c = c{p,n,P). In particular, H extends to a 
bounded linear operator H : D^-t>^-\W^) D^-v^-\Wl). 

Throughout the paper we will make use of Einsteins summation convention, i.e. 
whenever there is an index appearing twice in a monomial this implies that we are 
summing over all of its possible values. 

3. Stokes system 

In this section we assume that f2 is a bounded domain in M", n > 2, with C^'^- 
boundary. We want to show that the Stokes system 

Av - Vtt = f in n, 
(3.1) divv = g in 57, 

V = vq on dO,, 

possesses a unique strong and weak solution, respectively, provided that the data 
have appropriate regularity. More precisely we prove: 

Theorem 20. Let p G ■p'°^(ri) satisfy 1 < p~ < p^ < oo. For arbitrary data 
f e g G W^-P^-^n) andvo G tr{W^-P'--^n))" satisfying the compatibility 

condition g dx ~ Jq^ vq ■ v duj there exists a unique strong solution (v, tt) G 
X w^'P^-\n) of the Stokes system (3.1) with ^ tt dx ^ and which 
satisfies the estimate 

l|v||vi/2,p(.)(n) + lkllvKi-j'()(n) 

< c (^||f |lLP(-)(n) + ll'^o|ltr(H'2.p(-)(n)) + llffllw'i.p(-)(n)) ' 
where the constant c depends only on the domain f2 and the exponent p. 

Theorem 21. Let p G V^°^{ft) satisfy 1 < p~ < p+ < cxo. For arbitrary data 
f G {W-'^'P^-\n))", g G LP^-\Q.) and vq G tr((Pri'P( ) (17))") satisfying the above 
compatibility condition there exists a unique weak solution (v, tt) G {W^'P^'\^))"' x 
L^'^')(r2) of the Stokes system (3.1) with J^^ t: dx ~ and which satisfies the estimate 

l|v||vKi,p()(n) + lkllLp()(n) 

< C (||f ||vy-l.p(.)(n) + II.9|Ilp( )(0) + \Wo\\tr{W^.p( ){n))j i 

where the constant c depends only on the domain Q and the exponent p. 

We call (v,7r) a strong solution of (3.1) provided that it satisfies the differential 
equations in (3.1) in the sense of weak derivatives. Furthermore we call (v,7r) a 
weak solution of (3.1) provided that 

J Vv.Vcpdx- J 7r-div0da; = -(f,0) V0 G {W^ , 
fi n 

divv = g in fl, 

V = Vq on dfl. 

In fact it is sufficient to consider homogeneous boundary conditions, i.e. vo ~ 0. 
In the general case, when considering strong solutions, we take a realization vq G 
(VF2,p(-)(f]))" ofvo G tr((Vr2'P( )(17))") and construct a strong solution (v,7r) for the 
dataf— Avq, g— divvp and vanishing boundary values. Note that J^{g—div'VQ)dx = 
0. Then (v u + vo,7r) is the unique strong solution, satisfying the assertions of 
the theorem. When dealing with weak solutions we may proceed in a very similar 
way. 
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Although the proof of Theorems 20 and 21 is based on the classical, i.e. constant 
exponent; theory of the Stokes system (cf. [Gal94]), we will nevertheless have to 
follow the strategy of the proof of the classical case all over again, i.e., we will use 
a localisation technique to reduce the problem in general bounded domains to the 
problem in the whole-space and in the half-space. The treatment of these situations 
is based on the Calderon-Zygmund theory of singular integral operators and on the 
Agmon-Douglis-Nirenberg theory of operators in the half-space. 

It should be emphasized that deriving analogous results for the Poisson equation 
is much simpler than our task, although the proof essentially follows the same idea. 
The crucial difference is that the fundamental solution of the Poisson equation 
in half-space is given as the whole-space fundamental solution plus its own odd 
reflection. This simplifies the half-space case considerably. Indeed, the Agmon- 
Douglis-Nirenberg theory is not needed in the treatment of the Poisson equation. 
An analogous ansatz in the case of the Stokes system yields non-divergence free 
functions und thus won't work. This is the reason for the need of the Agmon- 
Douglis-Nirenberg theory and homogenous Sobolev spaces in this paper. 

Since the structure of the fundamental solutions of the Stokes system is different 
for n = 2 and n > 3, we restrict ourselves to the latter case. The methods presented 
here can be easily adapted to treat also the case n = 2. Furthermore, using Theorem 
4, a well behaved exponent given on a bounded domain will always be extended to 
the whole of R" without mentioning. 

Solutions of the system 

Av - Vtt = f in M", 
^^■^^ divv = .g inM", 

are obtained by a convolution of the fundamental solutions ( — 2\dBi \ ^''Or i-i n 
and ( — \dBi\ Q');-! n ^^^"^ Stokes system in the whole-space, given by 

with data f and g. From the classical theory it is well known that the kernels 
didjV^^ and diQ^ satisfy the assumptions of Theorem 18. Consequently we get: 

Lemma 22. Let p g -p'°s(E") satisfy 1 < p- < p+ < oo, and let f e (Co°^o(M"))". 
Then the convolutions v(x) := ^^n'V[x — y)t{y)dy andTr{x) := (^{x — y) ■{(y)dy 
are infinitely differentiable. Moreover, their first and second order derivatives have 
the representations {i, j,r = I, . . . ,n) 



diVrix) = J d^^V''\x -y)fi{y) dy, 
d^djVr{x) ^ lim / da:ida:^V''\x ~ y)fi{y) dy 



e\0 

iB{x,e)) 

2\B 



n + 2 



4( ^ (" + ^)^i]frix) + Sirfj{x) + Srjfiix)), 



5j7r(x) = lim / d^^Q\x ~ y)fi{y) dy +\Bi\f,{x), 

{B{x,e)r 

and satisfy the estimates 

ll^v||^p(.)(R„) -I- ||7r||ip(.)(R„) < c \\i\\u-iM-){R^) , 

I^^'^IIlp(-)(R") + 1I^^IIlp(-)(R") < C ||f Ili,p(-)(R") ; 

with a constant c — c(ji, n). 
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Proof. As in the classical theory (cf. [Gal94]) we deduce the representations of the 
derivatives using integration by parts. These representations together with Theorem 
18 immediately yield the estimate (3.3)2- 

Using Theorem 1, the density of C§°{B) in '■ •'(-B), the representation of Vv 
and the Theorem of Fubini we may estimate the norm of the first order derivatives 
of V on every Ball B C M" by 



\dzVr\\Lp{ ),B) < 2 sup (j) diVr dx 

||<#>|| , <l B 

" " LP (.•) (B)- 



<l,ecg°(B), 

II /r ^ <llf 



sup / fliy) / d^.V {x - y)(j3{x) dxdy 



From the properties of V and </> and from Theorem 18 we deduce the estimate 

l|V$i|lLP'(-)(R") < c||0||ip'(.)(B)' 

and thus 

l|5i^'r-|lLp( )(i3) < C sup / f • * = c||f||£,-i.p(.)(K«) 

II v*|| /, , <i R" 

with a constant c independent of B. The norm of tt may be dealt with in the same 
way. Hence we get (3.3)i. □ 

Note that from the representations of the derivatives it follows that the convolu- 
tions v(a;) := -2|^ Is^ V(x - y)i{y)dy and tt{x) := - /«„ Q{x - y) ■ i{y)dy 
solve the Stokes system in the whole-space, i.e. Av — Vtt = f , divv = in K". 

Lemma 22 and the density of Co°;'o(M") in Lp(-)(K") and ^-^'^( ^(K") (cf. Lemma 
17) show that the convolution with the kernel V extends to a bounded operator U 
from (i:)-i^P(-)(M"))" into (i:)i'P(-)(R"))" and from (iP(-)(R"))" into (D2'P(-) (R"))" . 
Similarly we sec that the convolution with the kernel Q extends to a bounded oper- 
ator P from (L>-i^P(-)(R"))" into iP(-)(R") and from (LP(-)(R"))" into D^'P'^'^W). 
This proves the assertions (1) and (2) of the following theorem. 

Theorem 23. Letp G ■p'°^(M") satisfy 1 < < p+ < oo and U, P he the operators 
defined above. 

(1) Ifie (LP(-)(M"))" then Ui £ (D^^p^) (R"))" and Pi e D^'P^-^W) satisfy 
the estimate 

IId2.p(-)(E") + ll-Pf ll_Di.p(-)(E") < C ||f ||ip(-)(Rn) 

with a constant c — c{p,n). 

(2) Iff e (i:>-i'P(-)(R"))" then Ui E (L>1-p(-) (R"))" and Pf G PP'-'^W) satisfy 
the estimate 

IIdi.p(-)(R") + ll-Pf IIlp(-)(E") < C ||f ||^_i,p(.)(jj„j 

with a constant c = c{p,n). 

(3) If i £ (LP^ -* (R"))" has bounded support and vanishing mean value, hence 
f G (L>-i'P(-)(K"))", then Uf G (i?(i'2)'P(-) (R"))" c {D^'P^-^W))"^ and 
Pi G iyi'P( )(R") C LP( )(R") satisfy both of the above estimates simulta- 
neously. 

Proof. It remains to show (3). We consider the operators U and P from asser- 
tion (2). Due to the estimate (2.2) any f as in (3) approximated by some se- 
quence (ffc) C (C^o(I*"))" in (iP^-n^"))" is approximated by the same sequence 
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in (i:)-i'P( )(R"))". From (1) and (2) thus follows that (Pfk) is a Cauchy sequence 
in V^^l'P(•)(M") while (Ufk) is a Cauchy sequence in (i:)(i,2),p(-))». □ 

Corollary 24. Letp e r^°^{W^) satisfy Kp- <p+ < oo, and let f € (Lp(-)(R"))" 
and g S W^'^^'"' (W^) have bounded support. Moreover, let f have vanishing mean 
value and let (v, tt) S {W'^'P' (R"))" x W^'P' (M") 6e a solution of the Stokes system 
(3.2). Then the first and second weak derivatives of w as well as tt and its first weak 
derivatives belong to the space L^'('-'(R"). They satisfy the estimates 

ll^v||^p(.)(jj„) + ||7r||^p(.)(jj„) < c ( ||f |l£,-i,p(.)(R«) + ||.9|Ilp(-)(R") ) 5 
(3.4) / \ 

l|V^v||^p(.)(R„) + |lV7r||^p(.)(R") < c(^|lf||ip(.)(H-) + l|V5||ip(.)(R„)j , 

with a constant c = c{p.n). 

Proof. From Section 4 we know that the function 

h := -L(V<7) e ((i:)(i.2).p(-))n 

satisfies the estimates 

l|V^h||^p(.)(R„) < c|jV.g||ip(.,(R„), 

and the identities Ah = Vg und div h = g in R". Note that Vg has vanishing mean 
value and || Vg||^-i,p(.)(R.) < ||ff|lip(-)(R")- 

Set F := f — Ah. The remark following Lemma 22 and a density argument imply 
that 

u := TTT— rC^F 

2\dBi\ 

and 

1 



-PF 



■ \dBi\ 

solve the Stokes system in the whole-space, i.e. Au — VTi" = F,divu = in M". 
Setting V := u + h we conclude that 

Av - Vtt = Au + Ah - Vtt = Vtt + F + Ah - Vtt = f , 

divv = g, 

in R". From theorem 23 and (3.5) we easily deduce the estimates (3.4) for v and tt 
replaced by v and tt. 

Since f and g have bounded support analogous estimates hold with p{-) replaced 
by p~. Using these estimates, the fact that solutions (v,7r) e D^'^(E") x L''(R"), 
1 < g < OO; of the Stokes system (3.2) are unique up to a constant (cf. [Gal94, 
Theorem IV. 2. 2]), and the integrability of tt and tt we obtain (3.4). □ 

Now we are ready to prove interior estimates for solutions of the Stokes system. 

Theorem 25. Let p e 'P^°^{n) satisfy 1 < p- < p+ < oo, and let f e (LP( )(f]))" 
and g G W^'P^''^{n). Let rio,f^i C be open sets with Qq CC f^i CC fJ. Moreover, 
let (v,7r) e (VF2'P( )(fJ))" x W^'P'-'^in) be a solution of the Stokes system (3.1)i,2. 
Then there exists a constant c = c(j>, Qo,^i) such that (v,7r) satisfy the estimates 

ll^v||^p(.)(Oo) + h\\Lp(--){no) 

< c(||f||vi/-i.p(.)(Oi) + llffllLp( )(r2i) + II'^1Ilj'(-)(Oi\Oo) + IKIlM^-i.3'(-)(ai\no))' 
l|V^v||^p(.)(j2„) + l|Vvr||^p(.)(f2„) 

< c(||f ||^p(.)(Oi) + llffllvKi.p( )(ni) + ll'^llwi.p( )(Oi\Oo) + lkllLp( )(ni\no))- 
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Proof. Let T e C°°(R") with r = 1 in Oo imd supp(r) CC fli. For v := vr and 
7f := TTT wc have 

Av - Vtt 2VvVr + Arv - ttVt + fr =: T, 
div V = V • Vr + gr =: G, 

in M". Integrating by parts we obtain 



J T dx^ J (-Av + \/n + {)(j)dx = 0. 



Hence we see that v e (W2'P(-)(R"))", tt e W1'P(-)(R"), G G W1'P(-)(R") and 
T e (LP( )(M"))" satisfy the assumptions of corollary 24 which yields 

ll^v|lLp(-)(no) + II'^IIlp(->(Oo) - ^ (l|T||_D-i,P(-)(R") + l|G||^p(.)(Oi)) ' 

\\^^^\\Lp(-)(n„) + l|V'r|lLp(-)(Oo) < c(||T||^p(.,(o,) + l|VG||^p,.)(n^)) . 

The last estimate immediately yields the second estimate of the theorem. To prove 
the first one we use 



= sup / (-V • *At - 2v • V*Vt - ttVt • * + f • *r) dx 

l|V*||j,,(.) i,„<l 

<c sup (l|v||iM)(Oi\no)ll*^'^llLp'()(OAf^o) 

l|V*i|j,,(.),,„<l 

+ IMlLP(.)(Oi\Oo)ll^*^^llLp'()(Oi\f^o) 



lkllH'-i.p< )(ni\f2o)ll* ■ '^■^llwi'p'< )(ni\no) 
l|f llM/-l.p(■)(f^l)ll*'^ll^vl.p'(■)(Ol))■ 



We integrated by parts to derive the equality. Afterwards we restricted the domains 
of integration appropriately and used Hi'^^ Aider's inequality. Since T has vanishing 
mean value we may assume that ^ has vanishing mean value in fli. Hence, using 
theorem 8 we may estimate the p'(-)-norm of the cut-off ^ in fii by || V'4'|jp,(. •) 
This finishes the proof. □ 

Now we turn our attention to the Stokes system in the half-space 

Av-V7r = f inR!i, 

(3.6) divv = .g iuM!^, 

V = on S. 

In order to derive estimates for this problem we refiect the data in an even manner 
and, by a convolution with the fundamental solutions of the Stokes system, produce 
a whole-space solution v of (3.2). This solution does not satisfy the homogeneous 
boundary condition v = on S. To achieve this we add to v a solution of the 
problem in the half-space 

Aw-Vi/ = inR!^, 

(3.7) divw = 



m 



w = h on S, 

with the special choice h = — v|s. In order to obtain appropriate estimates of 
solutions of (3.7) we need Theorem 19. The solutions of this problem are obtained 
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as usual by a convolution of the normal derivatives of the fundamental solutions in 
the half-space, namely Z = {Z^'')rj=i n and (9i2;)i=i,...,n with 

yrlf \ _ 2 XnXrXl 

-~ \Bi\ |x|»+2 ' 

and 

4 Xfi 



z{x) 



\dBi\ |a;|"' 



with the boundary data h from (3.7). From the classical theory it is well known 
that the kernels Z*"' and z satisfy the assumptions of Theorem 19. Thus we obtain: 

Theorem 26. Letp e r^°^{W") satisfy 1 <p- <p+ < oo, andlethe (i:)(i'2),p(-)(Rn))'^ 
Then there exists a solution 

of the Stokes system in the half-space (3.7) with boundary data h|s which satisfies 
the estimates 

l|Vw||^p(.,(R„) + ||j^|liP(.)(R5) < c||Vh||^,(.,(R„), 
with a constant c = c{p, n) . 

Proof Since Co°°(R") is dense in £)(1'2)'P( )(R") it suffices to show the existence of 
a linear solution operator defined on C^(R") and satisfying the estimates (3.8). 
Thus let h e (C^(M"))". Then the functions w : R!^ R" and s : M^^ M 
defined by 

w(x) J Zix' -y',XnMy',0) dy' , 
s 

n „ 

'^(x) X! / " ^n)hi{y', 0) dy', 

^=l I 

" V ' 

are smooth solutions of (3.7). Indeed, it is easy to sec that w and u are infinitely 
differentiable und that the derivatives may be written as 



5"w(x-) = j 9,"Z(x-(y',0))f(y') dy\ 
(3.9) ^ 

av(x) = / d:d.,A^-{y'Mh{y') dy'. 



Using these representations and the fact that AZ'"' — O^^z = and drZ''^ = in 
R" \ {0} we conclude that w and v solve the Stokes system (3.7)i^2- In order to 
show that the boundary values are met continuously we assume that x € R" and 
e > 0. It is not hard to see that 

Z'-'(x-(y',0)) dy' = 6ri + o{l) 
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for a;„ \ 0. Thereby we get 

Wr{x) - fr{x') ^ J Z-\x-{y',0))My')dy'~fr{x') 

Z^\x-{y',Q))fi{y')dy' 



Z^-\x-{y',mfi{y')- W)) dy' + o{l) 

Br\x') 

for Xn \i 0, since for the second summand wc get by using Holder's incquahty 
Z^\x ~ {y', 0))My') dy'\ < x„ c J dy' 

= Xnc{e) G o(l) iil^T Xn \ 0. 

Thus we may conclude that 

\Wr{x) - fr{x')\ 

< sup |f(y')-f(x')lE / iZ'^'ix-iy'mdy' + oil) 

^ ^ ' B?-\x') 

<s, if e is suff. small 

< cS + o{l) 

for a:„ \ and arbitrary 5 > 0. It is not hard to see that the constant c is 
independent of x„. Hence we get 

limsup \wr{x) — fr{x')\ < cS. 

x„\0 

This finishes the proof that w and ly are smooth solutions. 

The estimate (3.8) i now follows from Theorem 19 applied to w and Vi, i — 
1, . . . , n. In order to prove (8.8)2 we notice that for 1 < A: < n we have 



5fcw(x) = j Z(x' -2/',x„)9fch(y',0) dy', 
s 

dkv{x) =di I z{x' - y',Xn)dkhi{y',0) dy' . 



= :Vik{x) 

Again Theorem 19 applied to 9fcW and Vit gives 

ll<9feVv^f||^p(.)(R„) + ||9fcZ^||ip(.)(R^) < c||V2h||^p(.)(R„). 

Using the equations (3.7)i,2 we compute 9^w„ = ^ Z]i<n ^m""^!' ^n^i = ~ 
^j<n^j''^i^ 1 < * < and dniy = Awn. These identities together with the 
last estimate give the estimate for d^w and 9„;/. This finishes the proof of the 
theorem. □ 

Using Corollary 24 and the previous theorem we get half-space estimates for the 
Stokes system (3.6). 

Corollary 27. Letp e P^°s{Rl) satisfy Kp' <p+ < 00, and let{ € (Lp( )(R5))" 
andge W^'P'^'HR'^) have bounded support. Let {v,7r) g (I^^.p" (r« ))« xI^^-p" (R!^) 
be a solution of the Stokes system in the half-space (3.6) corresponding to the data 
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f and g. Then the first and the second weak derivatives of v as well as tt and its 
first derivatives belong to the space Lf^'^Wy). They satify the estimates 

II^'^IIlp(-)(R^) + lkllLP(-)(R^) < C (^||f ||£)-1.P(-)(R5) + I|5|Ilp(-)(R^)) j 

(3.10) 

l|V v||^^(.,(R„) + ||V7rl|^p(.)(R„) < c (^||f |Lp(.)(r5) + ||Vgll^p(.,(K„) j , 
zwif/i a constant c = c(p, n). 

Proof. Note that f G _D~^'J'( )(M" ) by Lemma 16. We extend p and 5 by an even 
reflection, and f by an odd reflection to M". Thus p € 7''°s(M"), f € Lp( )(R") 
and g G with corresponding estimates of the whole-space norms by the 

half-space norms. Moreover, f has vanishing mean value, and f and g still have 
bounded support. We now construct the whole-space solution (v, tt) corresponding 
to this data in the same way as in the proof of Corollary 24. Thus we get 

ll^v||^p(.)(g„) + ||i'||ip(.)(K5) < C (||f ||d-i.p( )(R5) + \\g\\LP(-){Rl)) ' 
^^■^^^ 2~ ~ / A 

l|V v||^p(.)(K„) + ||V7r||^p(.)(Rj) < c (^||f ||lp(-)(k5) + l|V.g|lLP(-)(R5) j , 

where we used that ||f ||^-i,p(.)(jj„^ < ||f ||£)-i.p( )(r>_j). This estimate may be shown 
in the following way. Every function (f) in M" can be split into an even and an odd 
part: 

(t)(x) - (jyjS:) ^ 
(P{x) = ^ H ^ =: 0e(a;) + (poix). 

Since f ist odd, we have fifp = /r^ fi4'o- Hence we get 

l|f 1Id-i.p( )(R") sup {■^dx= sup t-^odx 

*ec~(K")), J <i.ec~(R"), 7 

l|V4>|| ,, , <iR" I|v«|| ,, , <iR" 

" LP "iP (^(B")- 

< sup / f • $ da; = 2 sup / f • $ 

«ecg°(K"), odd, J 4.ecg°(K"), odd, J 

"^*"^p'(-)(B.,:=iK" "'*"^P'(0(M.):=^K5 

< sup / f • $ = ||f||^-i,p(.)(]g„). 
•i.ecg°(R5,), J ' >' 

||v*|| , <iR" 

" "iP (-ICEJ.)- > 

The second inequality holds because every odd function £ C^(IR") is in 

and 1|V</)||^,(.)^R„ <2||V</)||p,(.)_K5- 

Theorem 26 yields the existence of a solution (w, v) of the Stokes system in the 
half-space (3.7) with boundary data — v|x; satisfying the estimates 

II^'*^IIlp(-)(K5.) + \W\\Lp'y>{Ri) ^ c ||Vv||^p(.)(-jj„), 
l|W||^p(.,(R„) + ||Vzy||ip(.)(K5) < c||V2v||^p(.)(R„). 

These estimates together with (3.11) imply that v := v + w and n := n + v satisfy 
the estimates (3.10) and solve the problem 

Av = Av + Aw = f + V7f inR!;, 
divv = .g inR!i, 
V = V — V on S. 

If we replace p{-) by p^ in the above arguments we get that v and tt also satisfy 
the corresponding estimates (3.10) with p{-) replaced by p^ . Using the classical 
uniqueness result [Gal94, Theorem IV. 3. 3] we deduce that also v and tt satisfy the 
estimates (3.10). □ 
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Now we are ready to prove estimates near the boundary for solutions of the 
Stokes system (3.1) with homogeneous boundary data provided that the boundary 
is of class C^'^. 

Definition 28. We say that a domain Q, C M" has a C^'^ -boundary if for every 
boundary point x G 90 there is a rotation and translation G of M" and a function 
a e C^'i such that G(0) = x, a(0) = Va(0) = and 



A G{{{x',Xn) e «^\\x'\ < a,a{x')=x,,}) C dU, 
V G({(a;',a;„) G lR"||a;'| < a,a{x') < Xn < a{x') + /?}) C n, 
V- := G({(a;',a;„) eM"||a;'| < a, a(a;') - /? < x„ < a{x')}) cM"\n, 
for some a, jS > 0. 



Note that in fact the assumption a(0) = Va(0) = is not a restriction since this 
simply means that we describe the boundary as the graph of function defined on 
the tangential space. 

Theorem 29. Let p e r^°^in) satisfy 1 < p' < p+ < oo, and let f G 

and g G W^^P^-\n). Let (v, tt) G (VK^.pI-)^^))^ ^ l^i,p(-)(f]) he a solution of the 
Stokes system (3.1) with vq = 0. Moreover we fix a boundary point x G dO, and 
consider the corresponding set V from the previous definition. Moreover define V' 
analogously to V with a,P replaced by a' , (3' where < a' < a, < /?' < /3. If a is 
chosen sufficiently small there exists a constant c = c{p,V,V' such that (v, tt) 
satisfy the estimates 



Proof. For simplicity we assume that the possible rotation and translation is not 
present, i.e. G ~ Id. We define V" analogously to V with < a' < a" < a 
and < /?' < /3" < /3. Let t G C°°{n) satisfy r 1 in and r = outside of 
V". Let us straighten the boundary with the help of the coordinate transformation 



F -.V ^ F{V) =: F C M", where {y',yn) := F{x',Xn) {x' , Xn - a{x')) (cf. Figure 
3.1). 



(3.12) 



l^'^llLp(-)(y) + \\^\\lp(-){V') 

< c(|jf ||iy-i.p(.)(y) + ||.9|liP( )(y) + ||v||^p(.)(y) + IK II vy-LpC ) (V) ) ) 
N^'^\\lp(-)(,V') + \\^'^\\lp(-)(,V') 

< c(||f ||^p(.)(y) + ll5llivi.p( )(V) + ll'^llivi.p(-)(y) + lkllLp(-)(v))- 




V 



V' 



Figure 3.1. 
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We set V := F{V'), r t o F^^, and analogously v,7f, f, g and p. Note that 
p G V^°s{V). Furthermore we define v := vf e (Ty2,p( )(R» ))» and n := n? e 
) (R" ). The integrabilities may be seen by using the identity 

(3-13) ll/llLp< )(y) ~ II/IIlp()(v)- 

A tedious but simple computation shows that the couple (v, n) solves the Stokes 
system in the half-space (3.6) with data (T, G) defined by 

Tj :=? fj+ A,df„vj + B,d,Vj + Cvj + Djdnir + E^n, 
G ■.^Tg + RiVi + SidnVi, 

where Bi^C,Ej,Ri are bounded fimctions depending on r, a and their derivatives 
of up to second order. Note that a 6 W'^'°°. Moreover Ai,Dj and Si are scalings 
of first order derivatives of a, and thus can be made arbitrarily small by reducing 
a. Hence we will be able to absorb the corresponding terms in the left hand sides 
of the estimates we are about to derive. Since (T, G) e (iP( )(M!^))" x W^i^p( )(M!^) 
have bounded support we can use Corollary 27 to obtain 

W^^^Wm-Hv) + \\^^\\m-Kv) 

^ c (^||f |lip(-)(y) + ll5llvFi.p(-)(y) + ll'^llwi-p( )(\>) + ll'''llLp(-)(t/)) 
+ ^(l|V'v||^,,,(^) + ||V^|j^g,,(^)). 
Absorbing into the left hand side we get 

< C (l|f|lLP()(v>) + ll5llvyi,P()(i7) + l|v||;^i,p(.)(y) + IIttIIlpC) (y)) ■ 

Transforming back via F^^ we derive the estimate (3.12)2. Corollary 27 also gives 

ll^'^llLp(-)(y) + \\^\\m ){V) - c(llT|li5-i,p(-)(R5) + \\G\\lp( ){v))- 

We estimate 

I|T1|d-i,p(-)(rj) 

sup / (f f •*-A,a,v-5„*-v-a,(s,*) 

*ecg°(M5), J V 

liV*||p,, V 

+ Gv • * - nDjdn'^j + n^jEj^ dx 
< sup /f • (* o Ft) + TTi^.E,) oFdx + c||v||^g,, 

llvi-||p,(.)_R„<i V 

+ \ {}^^\\m^(v) + ll^llLP(-)(y)) 
^ C ^||f ||H'-i,p( )(y) + Ik||^y-i,p(.)(y) + l|v||^p(.)(y)) 

The equality is derived by integrating by parts the second, third and fifth summand. 
Note that the functions Ai and do not depend on the last variable. For the first 
inequality we used Holder's inequality, estimate (2.3) and again the fact that Ai and 
Dj can be made arbitrarily small by reducing a. To derive the second inequality 

note that * o Fr and i^jEj) o F are in W^"^''''\v) and that by estimate (2.3) 
II* o FT||^i,p,(.,(y) + Wi^jEj) o F||^yi,,,,,(^) < c||V*||^p.,,(E5)- 



THE STOKES AND POISSON PROBLEM IN VARIABLE EXPONENT SPACES 



17 



Furthermore we have 

Now, proceeding as in the derivation of (3.12)2 we get (3.12)i. □ 

Now we can finally prove the main assertions of this paper. 

Proof, (of the Theorems 20 and 21) Due to [Gal94, Theorem IV.6.1] for f e Co°°(r2) 
und g e C°°{n) with 5 = there is a unique strong solution (v, tt) £ W^'^^'^fl) x 
M^i'P( )(Jl) of the Stokes system (3.1) with data f. g and homogenous boundary 
condition. For each boundary point x G d^l we may choose sets V and V like 
in Theorem 29 and analogously defined sets A' and V_!_. Then, the sets W := 
V'UA'UV^ form an open cover of the boundary. Since Sfi is compact, we may choose 
a finite subcover Wi,i = l,...,m. Finally we may choose open sets no,r2i C H 
such that fio CC fii CC and O = Oq U IJilli ^1 ■ Now, using the Theorems 25 
and 29 we conclude that 

+ ||7r||^p(.,(fj) 



< 



XV' 



(3.14) 



< c 



(l|f Ilw-i.p()(f2i) + ll5llLP()(f2i) + ll"^llLP()(f2i\Oo) + lkllM/-i-p()(ni\f2o) 

+ Y l|f|lw-i'!'( )(y,) + ll5llLP( )(y,) + l|v||2,p( )(y,) + Iklliv-i.ptocv.)) 
i 

^ c^||f + ||g||2,p( )(o) + l|v||2,p( )(o) + Iklli4'-i'!'( )(y,)) ' 

The last two summands may be eliminated as the subsequent lemma shows. Hence 
wc get the estimate 

(3-15) I|v||i4/i,p(.)(fi) + lkllLp( )(f2) ^ c (^||f ||vK-i.p( )(n) + ■ 

Analogously one shows 



< c(^||f ||^p(.)(Q) + ||5|Im/i.p( )(0) + l|v||i4/i,p(.)(Q) + ||7''|Ilp( )(o)^ 

Using (3.15) we conclude that 
(3.16) ||v|| 

Due to the estimates (3.15) and (3.16) we may continuously extend the linear so- 
lution operator to LP^-'^n) x W^'P'-'^n) and W'^-P'-'^n) x LP'-'^n), respectively. 
It is easy to see that these extensions map to strong and weak solutions of the 
Stokes system (3.1) with homogenous boundary conditions, respectively. Unique- 
ness is implied by W^'P'^'^n) ^ W^'P~ (Q) and [Gal94, Theorem IV.6.1]. Hence the 
subsequent lemma finishes the proof. □ 

Lemma 30. Let p e P^°s{n) satisfy I < < p+ < oo, and let (v,7r) £ 
(VV^'Pi-) (n))" X W^'P^-\n) a strong solution of the Stokes system (3.1) with data 
f G LP^'^{fl), g £ W^'P^'"^ (fl) and homogenous boundary condition. Then we have 
the estimate 

ll'^llLp( )(f2) + ll'''llvy-i,p()(n) ^ c(||f ||^y_l,p(.)(f2) 4- ||ff||ip( )(o)) 
with a constant c — c{p, fl). 
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Proof. Let us assume that the estimate is wrong. This means that we have a 
sequence of solutions (v^ , tt/j ) of the system with data and which satisfy 
l|vfe|L.(.,(o) + Mw-^M-nn) = 1 and ffc ^ in T^-^f 5fe ^ in 
Since estimate (3.14) holds for {'Vk,'^k) with i,g replaced by {k,gk, we conclude, 
that (vfc, TTk) is bounded in Wq^'^' \^) 'xLP^'^{il). Hence we find subsequences (again 
denoted by index k) satisfying 

Vfe - V in Wo'''^-\n), Vfc ^ V in LP<^-\n), 

TTk ^ TT in 

The strong convergences follow from the compact embeddings 
and 

Thus on one hand we have |!v||^p(.)jf2^ + ||7r||^y_i,p(.)j-f2) = 1, and on the other hand 
for aU cf) e (Co°°(0))", <j) e C(^{n) 

Vv • \7cj) — n div 4> dx = lim j Vv/^ • V0 — tt^ div (f> dx = lim J ik ■ <P dx ^ 0, 

n n 

divv0 dx = lim J divv^c/) dx = lim J gk(l> dx = 0. 
fi n n 

Hence (v, tt) is a weak solution of the system with zero data. From [Gal94, Theorem 
IV. 6.1] we conclude that v = 0, tt = 0; a contradiction. □ 

4. Poisson problem 

Let us state in this final section the most important of the analogous results for 
the Poisson problem, cf. [DHHRIO] for a sketch of the proof and [Len08] for full 
details. Let ft he a bounded domain in M", n > 2, with C^'^— boundary. Using 
the techniques^ we employed in the case of Stokes system one can show that the 
Poisson problem 

—Am = / in ri, 

(4-1) ;,0 

u = Uo on as 2, 

possesses unique strong and weak solutions, respectively, provided that the data 
have the appropiate regularity. More precisely, one can prove: 

Theorem 31. Let p G 7''°s(f2) satisfy 1 < p^ < P^ < oo. For arbitrary data 
f e LP(-)(r2) and Uo G tr(VF2,p(-)(^)) ^/jgre exists a unique strong solution u G 
W'^'P^'\VL) of the Poisson equation (4.1) which satisfies the estimate 

ll"llw2.p()(o) ^ c {\\f\\LPn{n) + ll"o|lti.(n/2,p(.)(n))) , 

where the constant c depends only on the domain Q and the exponent p. 

Theorem 32. Let p G 'P^°^{ft) satisfy 1 < p~ < p^ < oo. For arbitrary data 
f G W^^'P^'\fl) and uq G tvlW^'P^'^ {Q)) there exists a unique weak solution u G 
W^'P^'"^ (Q) of the Poisson equation (4.1) which satisfies the estimate 

l"llwi.p( )(n) — (ll/llvF-i'P(-)(o) + ll^o|ltr(Tyi.p( )(n))) ' 
where the constant c' depends only on the domain and the exponent p. 



^As we already pointed out it is considerably simpler to obtain the half-space results in the 
case of the Poisson problem. 
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We call u a strong solution of (4.1) provided that it satisfies the differential 
equation in (4.1) in the sense of weak derivatives. We call u a weak solution of (4.1) 
provided that 

j \/u-\/(j)dx= {f,(f>) y<p e Wq'^'^'\^}), 
o 

u ~ uq on dil. 

In order to show the above theorems one needs the following results which are 
also of interest on their own. Solutions of the equation 

(4.2) -All = f in M" 

are obtained by a convolution of / with the Newton potential 

1 1 



Kix) := 



(n-2)|9Bi| \x\"- 



It is well known and easy to see that the second derivatives of the Newton potential 
satisfy the assumptions of Theorem 18. Consequently we get: 

Lemma 33. Let p G ^'"^(R") satisfy 1 < p- < p+ < oo, and let f e C^o(R"). 
Then the convolution u := K * f is infinitely differentiable and solves the problem 
(4.2). Moreover, the first and second order derivatives have the representations 
{i,j = l,...,n) 

d,u{x) = I da:iK{x - y)f{y) dy, 



d;dju[x) = lim ( dx,dxjK[x - y)f{y) dy - -5ijf{x), 

{B(x,e)Y 

and satisfy the estimates 

II^"IIlp(-)(R") < C||/||_D-1.P(-)(R-) , 

II^^"IIlp(-)(R") < c |i/|j^p(.)(g„^ , 

with a constant c = c{p) . 



Letting L denote the continuation of the operator / i— >■ if * / in the appropriate 
spaces we can state the following theorem. 

Theorem 34. Let p e 7''°s(M") satisfy I <p~ <p+ <oo. 

(1) If f e LP(-)(M") then Lf E D2,p(-)(K") satisfies the estimate 

II^/IId2,p(-)(R") < c ||/||^p(.)(jj„j 

with a constant c = c{p). 

(2) If f e D-i'P(-)(K") then Lf G D^'P^-\W^) satisfies the estimate 

I|-^/IId1-p( )(R'>) - C ||/||£1-1,P( )(RT.) 

with a constant c = c{p). 

(3) If f £ iP^'^(R") has bounded support and vanishing mean value, hence 
f g then Lf G (L>(1-2).p(-)(R"))" c (D^-p^) (R"))" satisfies 
both of the above estimates. 
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